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ABSTRACT
It is shown that temporal echoes can occur in
collision-free plasmas at various times for different wave
number combinations and that spatial echoes can occur at
various positions for different frequency combinations.
3A plasma wave echo in collision-free plasmas has been predicted 
from a perturbation solution of the Vlasov equation1. Here we demon- 
strate the existence of higher order temporal as well as spatial
echoes, based on a simple nonperturbation method which gives results to
all orders. The self-consistent field of the plasma is, however, neg-
lected.
We consider a plasma of charged particles subjected to two
external electric field pulses with different wave numbers at t = 0, τ, 
i.e. qEx∕M = V1 δ(t) cos k1x + v2 δ(t-τ) cos k2x. The position of a 
charged particle whose initial position and velocity is (xo, uo) in such 
a field is readily found to be
(1)
The spatial Fourier components of the charge density may be obtained by
integrating over the initial (Maxwellian) distribution Fo(xo, uo), 
ρk(t) = q ∬ Fo(xo, uo) exp[-ikx(t, xo, uo)] dxoduo. Expanding the  
exponential using well known Bessel function identities2 and performing
the integrations, we find that ρk(t) vanishes unless 
(2)
whereupon
(3)
with
4.
(4)
(5)
(6)
n is the average density of charged particles and o is
their r.m.s. thermal speed. When v1 and v2 are small compared with
, Amn(t) is slowly varying compared to gmn(t). Furthermore, only
Amn(t) depends on the pulse amplitudes v1 and v2. In this limit 
Amn(τmn) gives the amplitude of the pulse and gmn(t) gives its shape.
Thus we see that, provided τmn > τ, each spatial Fourier component with
combination wave number given by (2) exhibits a temporal echo at time τmn
which is determined by the separation of the two applied pulses and the 
ratio of their wave numbers. For weak pulses (v1 and v2 small) the amp- 
litude reduces to
(7)
which exhibits the expected power law dependence on the pulse amplitudes 
v1 and v2 and the pulse separation τ
A similar analysis has been made for spatial echoes, which may be 
more important experimentally. When spatially localized electric fields 
of differing frequencies ω1 and ω2 are applied at z = 0 and z = ℓ 
respectively, in the plasma, Ex = V1 δ(x) cos ω1t + V2 δ(x-ℓ) cos ω2t.
The temporal Fourier components of the electric current density are found
5.
to vanish unless
(8)
and that each of these exhibits a localized maximum at the position
(9)
provided that ℓmn > ℓ. We also find for the amplitude 
(10)
when the dimensionless quantities in the brackets are small.
(8), (9), and (10) are the spatial analogs of (2), (4) and (6), respec- 
tively. Thus each temporal Fourier component of the electric current 
with frequencies given by (8) exhibits a spatial echo at a position which 
is determined by (9).
In obtaining these results the self-consistent fields of the plasma
have been neglected. This approximation should be valid as long as all 
wave numbers for which ρk∕ρo is important are large (all frequencies for 
which ik∕io is important are large). When these conditions are not 
satisfied we expect a substantial modification in the echo amplitudes and 
shapes. However, we still expect (4) [or (9)] to correctly give the time 
[or position] of the echoes of the appropriate wave number (2) [or fre- 
quency (8)]. In addition, for small amplitudes we still expect the power 
law dependence on v1, v2 and τ [or V1, V2 and ℓ] suggested by (6) 
[or (10)] to hold.
6.
The author is indebted to T. M. O'Neil and J. H. Malmberg for 
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It is shown that temporal echoes can occur in collision-free 
plasmas at various times for different wave number combinations and that 
spatial echoes can occur at various positions for different frequency com- 
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